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ON THE THEORY OF THICK SLABS ON AN ELASTIC FOUNDATION

M.A. SUMBATYAN and I.F. KHRDZHIYANTS

Static problems are investigated covering the deformation of a thick
elastic slab with an arbitrary smooth boundary that rests without friction
on a linearly deformable foundation. The slab is loaded by a normal
distributed load on the upper face. Lur'e's symbolic method is used to
investigate the state of stress and strain of the slab. A class of
homogeneous solutions correspponding to a free upper face and the
condition of linearly elastic contact of the slab with the foundation
on the lower face of the slab is isolated. This last condition is a
relation realized by the integral operator of the contact problem for a
linearly deformable foundation between the settling of the slab and the
contact stress. It is shown that the homogeneous solution determined in
this manner can be of three kinds: potential, vortical, and harmonic.
There is also a certain elementary solution. The problem here of finding
the characteristic numbers of the potential solution reduces to seeking
the eigenvalues of the integral operator mentioned. The axisymmetric
problem of the deformation of a thick circular slab in a Winklexr foundation
is considered as an example.

The problem under consideration was extensively investigated earlier
within the framework of the applied theories of slabs: Kirchhoff-Love
/1-3/, Reissner /4, 5/, and others /5/.

1. cConsider a slab of isotropic elastic material resting without friction on a linearly
deformable isotropic foundation. We take the slab middle plane as the plane z,, 2, of a
rectangular Cartesian coordinate system and denote the slab thickness by 2kh. Let I' be the
cylindrical boundary of the slab.

Investigation of the slab state of stress and strain reduces to solving the Lamé
equilibrium equations in the displacement u; = {u, v, w} /6/. The stresses o;; are expressed
in terms of the displacements by using the generalized Hooke's law /6/. For simplicity, we
limit ourselves to the case when a normal distributed load is applied to the slab upper face.
Then the boundary conditions on the endfaces have the form

s=h, Gu=0 (x=1,2), Y405/G = p (21, Zy) 1.1)
2= —h, Opu=0 (a=1,2), us;= Log

Here L is a linear operator expressing the relationship between the settling of the
foundation surface and the normal load acting on it, where /3, 7 /

Lf (21, 1) = SS K (21— u1, 23 — us) f (1, u2) dus dus (1.2)
5

@

K(z1,22) = {§ L(R)exp[— i (21 +na)]dbdn, R=VE+ W

(S is the domain occupied by the slab). The function L (R) possesses certain special
properties /3, 7/. The kernel K (z,,z,) is positive and symmetric in the domain S.

If it is a Winkler base, then

Lf = fle {1.3)

(c is the bed coefficient), which corresponds to L (R) = const.

The boundary conditions on the slab lateral surface are specified by the acting load
given in L.

We construct the solution of the problem by using Lur'e's symbolic method. The solution
of the Lame equation can be obtained in the form /6, 8/

u Ug in zD
uvﬂz cos zDﬂvo ”— %———z lenz 0q (D110 + O3vo + wo') + (1.4)
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® ( sin zD z cos zD
> )

Oq (81u0" +

sinzD | %o’
D |U0’ 2+ 1)

(72170, — Dzwo), o= 9

inzD inzD
ﬂ‘ﬁz_wo’ + %( s"ll)z — 2008 zD) (0110 + Bavp + uy') -+

% z sm 2D

TRFD 55— (O1uq’ + davo’ — D?wy)
% =1/(1—2v), D?= 62/611 + 0%/0x,?

¢o8 zDwy, —

Here v is Poisson's ratio, and G is the slab shear modulus. The stresses can be found
from(l.4) on the basis of Hooke's law and have a similar form.

To determine the six unknown functions u,, vy, w,, and u,’, v,’, w, dJdependent on z;,z, we
use the boundary conditions on the facial surfaces (1.1). We write these conditions in the
form

E="h)+06 ,(z=—h)
a3 T wcoshD(” U_;_aawo) s
K-T-i Enph_p g, (aluO’ + Oovy’ — Dzll/‘o) —0
— Gz =h)togz=—"
ag (2 )2—2 as® ) == %h €08 hDBy (0110 + B2v0 -+ wo') +
sull)hD (D"’ :"_ aawol) 0
G39(2 = h) q , , .
2G —_ — pr [xh ¢0s hD (8yuy’ + 820" — Dwp) +- (1.6)
sm hD

(Drue’ + Bavo’) + (2 +- 1)Dsmhnw.,] +
nhD sin AD (01ug + Bavo + wo') + (% — 1) cos hD (d1uo + Fav0) -
(% + 1) cos ADwq = p (21, x2)
GL{x_H [ S hD (5 g’ 4 Byv6') + (2% + 1) D sin hDw, +- (1.7

xh cos kD (O1uo” + d200) — Dzwo)] —+

xhD sin hD (01up + 02vo - wo') +

(% — 1) cos hD (9110 - O2v0) + (% + 1) cos hDu‘o’} =
® hsinhD

008 hDwy — — wrh D (9110”4 Fov0" — Do) —
Sil;)hD wy' — —Z—( sinhD _ h cos hD) (d1uo + B2t + wy')
To solve system (1.5)-(1.7), we use the method developed in /6, 8/, We set
uy = Li9,\P; + 8;V,, vy = L3,P, — &,V,, wy= L, Py (1.8)

g = LyoyPy + 0,V,, vy = LadyPy — 0,Vy, wy = LoPy

where P,, P,, V,, V, are new unknown functions, and L,, L,, Ls, L; are certain differential
operators of infinitely high order. The functions P;, P, determine the potential solution
and the functions V;, V, the vortex solution.

2. By virtue of the linearity of the problem, a separate construction of the potential
and the vortex solutions is possible. We first study the potential solution in detail. It
is seen that (1.5) are equivalent to the following two equations in the functions P, and P,

[( )Ll + 2.1)

(cosho+—hDsth) }Plzo
[(thzcoshD-{HDsinhD)Ls+(xhcoshD M)L.;] Py,—0

These equations will be satisfied identically if we set

L,:coshD+u_—’;1hDsinhD 2.2)

| )

Ly=-%coshD — L4:—(MD2 coshD +%sinhD)

sin hD
D
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Taking (2.2) into account, we obtain equations in P; and P, after substituting (1.8)
into the remaining two Egs.(1.6) and (1.7)

hD (2hD — sin 2hD) Py + (% + 1) D (2hD + sin 2hD) Py — (2.3)
—9% ® 41 .
p (i, 22)

k2

[ ufi LD (2hD — sin 2hD) + cos® hD] P, —

[25 LD @hD + sin20D) + 22 sin? D] Py =0

The solution of system (2.3) can be represented as the sum of some particular solution
of this system and a general solution of the homogeneous system corresponding to the case
p (z, ) = 0. The problem of constructing the particular solution can obviously be reduced
to the following problem for an infinite layer.

We consider the equilibrium of an infinite layer of thickness 2k whose middle plane
coincides with the =, 2, plane under the following boundary conditions:

P, (1) eE8

0, (z,z)ES 24

z=h, 03a=O(a:1,2),—g%-={

(the continuation to zero is optional)
2= —h,04a=0 (@=1,2), uy=Log;, (z;,%) =R,

The last equation denotes the extention of the contact condition in the interior of the
domain S, i.e., the application of the last relationship in (1.1) for all z,, z,.
We will obtain the solution of problem (2.4) by first considering a given function ug

for z = —h. By applying a two-dimensional Fourier transform in the variables z,, z, we then
obtain that for z = —h
o U -
28— PKy(ah) — - Ka (o), o=Vl | a2 (2.5)
sh 2u + 2u ch2u 8 sh? 2u — 4u?
KW=2—Ffntn— KW=y —Varn

The capital letters here denote the Fourier transforms of the corresponding functions
that depend on the variables a,, a,. We now take into account that the last boundary condition

for z = —h actually has the form (2.4), therefore
Us = L (ah) \§ 0321, 22) oxp [i (a1 + taa)] dzs dizy
S
Substituting this relationship into (2.5) and performing an inversion therein, we obtain
an equation for the function o4 for z = —h
s . S
S5 =7 — {§ o s, ua) dur s {§ 2.0 Kz ) ¢ 2.6)
S —

LS

exp (— i [oc; (.2!1 _ ul) + [¢2] (Iz —— uz)J} d11 d%z, (I]_, xz) = S

(f (x;, z,) is the original of the function P (a,, @,) K; (@)).

Thus, in the general case the problem of finding the particular solution of the
inhomogeneous problem is successfully reduced to a two-dimensional Fredholm integral equation
of the second kind.

We will now consider the construction of the homogeneous potential solution. We call
the solution corresponding to a free upper endface and a contact condition with the base at
the lower endface the homogeneous solution of the problem under consideration. Let p (z,, z,) =

0, then the first equation of (2.3) is satisfied identically if the stress function @ is
introduced
P, = (% + 1) D (2hD + sin 2hD) ®, P, = —hD (2hD — sin 2hD) @ 2.7
The second equation of (2.3) therefore takes the form
G . in 4hD N
[T;‘%LDZ(%?D“—-51n22hD)+Dz(1+ S )szo 2.8

As in the classical theory of slabs /6, 8/, we will seek the solution of (2.8) in the
class of metaharmonic functions in the domain S

(D* — ¥R @ =0 (2.9)
We then obtain the following relationship from (2.8)
VLD = yud (2.10)

where
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{28 [ £ ] @

A solution different from zero for (2.10) exists in the class of operators (1.1l), (l.2)
with symmetric positive kernel only provided that p = p, is an eigenvalue of the operator L,
while @, is its corresponding eigenfunction (n =1,2, ...) /9/. The complex characteristic
numbers Ynr (Re yx >0), n, k=1,2,... are found from (2.11) with the values p, > 0. However,
the eigenfunctions @, of the operator L are known not to satisfy Eq.(2.9) in the general case;
consequently the function @, should be represented in the form of the expansion

On= 2 ¢ @p, n=1,2,... (2.12)
k=1
in the functions @,;, which is a solution of (2.9) for y = Vu. The geustions of completeness

that emerge here require further analysis.

The value y =0 is known to satisfy (2.10), and as is seen from (2.9), corresponds to
the harmonic solution. Exactly as in classical theory /6, 8/, the biharmonic solution is
separated from the potential homogeneous solution, and the harmonic solution is separated out
in a natural manner. The stresses and displacements corresponding to the harmonic solution
have the form

Uy = 0D (@=1,2), ug=20 (2.13)

G

Ggq =033 =0, T“Gf‘_zaaaﬁq) (0, p=1,2), D=0

The absence here of the quadruple root y =0 corresponding to the biharmonic solution
of classical theory is due to the fact that the two zero roots y are, in effect, transformed
into roots of the characteristic Eq.(2.11).

We will now consider the construction of the vortex solution. Subsituting the vortex
part of the relationships (1.8) into (1.5)-(1.7) (for p (z;, &) = 0), we note that (1.6) and
(L.7) are satisfied identically here. The remaining relationships (1.5) yield

3, coshDV, =0, 84D sinkhDV, =0 (o= 1,2) (2.14)
Let the functions V,; and V, satisfy the metaharmonic equations
(D2 — 02/ Vi =0, (D? — 8,2/h%) Vo =0 (2.15)
We then obtain from (2.14)
oy =nk —n/2, S =ak (k=1,2,..)) (2.16)
The displacement vector components for the vortex part of the solution have the form
w=20 (2.17)
<) sing 4 <
Ug == (— 1)5 2nh [h Z—ck—k OBVI,‘ —{— Z cos 6,&651’2;;]
k=1 F=1
z
E=—
An elementary homogeneous solution that leaves the foundation undeformed
u 1—w 1
o=~ T a:'z , w=z+h (2.18)
1 ]
Ogo = —G—" O33 =03 —=013=—=0, a=—1,2

LY 1
still exists in addition to the solutions constructed above for the problem in guestion.
3. The expression for the operator L (1.2) is usually known explicitly for a specific

kind of linearly deformable base. For instance, if the base is an elastic half-space then

1— 1
L(R):ﬁf (3.1)

If the base foundation is an infinite layer resting without friction on a rigid base then

11— ch2R—1
L(R)= 4G, (sh2R 2R R 3-2)

If the layer adheres completely to the underlying rigid base, then

1—w 2x; 8sh 2R — 4R

L(R)== —mg, @4 ch 2R + T F w T 4RHR

’}(123 —_ 4‘\’1 (33)
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(G,, v, are the elastic constants of the base). Other kinds of linearly deformable bases are
known /7/.

For such a base the potential part of the solution is constructed in conformity with the
theory elucidated in Sects.l, 2.

A different situation arises if the base is a Winkler foundation (1.3). Then the eigen-
value p = 1/¢c of the operator L (2.10) is unique, and for these values (2.10) is satisfied
identically for an arbitrary function ®. Therefore, in this case the potential homogeneous
solutions @, should be found from (2.9) taken for ¥ = y,, where v, (Rey, >0) are complex
roots of the transcendental characteristic equation

Fy=1+ 2 4 4¢P —sim29)=0, 4= 2o (3.4)
obtained from (2.1l) for p = 1/c. Therefore, here as in the classical case, the vector of the
characteristic numbers {y,} is one-dimensional. The relationship (3.4) was obtained in /5/
for the two-dimensional problem about the plane state of stress of a thick beam.

In the case of the Winker foundation the particular solution of the inhomogeneous problem
can also be constructed much more effectively. The fact is that here the continuation to the
exterior of the domain S (the last condition in (2.4)) for the relation ug = ggy/c corresponds
to the problem of an infinite layer loaded from above by normal forces p (z;, ) and resting
without friction on the Winkler foundation. The solution of this problem is obtained easily
by using Fourier transforms and has been studied in some detail /10/.

We note that the fundamental difficulty in solving the problems under consideration is
associated with satisfying the boundary conditions on the slab lateral surface.

4. As an illustration, we consider the axisymmetric problem of the deformation of a
circular slab with a free lateral surface on a Winkler foundation. Let the applied load be
p r)=Joy(6r),8 >0. Then the particular solution of the problem (an infinite layer on a Winkler
foundation) is expressed in elementary form. We have for the Love function

% (r) = N [A, (8k)(8z sh 6k ch 6z — 6k ch Shsh 6 — 2v sh 8k sh 6z) +- (4.1)
A, (6k)(6z ch 8k sh 8z — 8k sh 6k ch 6z — 2v ch 6k ch 82)] J, (67)

h’
4 (7) = % (sh 2z — 22) 5=

4 h2 2
Ay (z) = 5 (sh 2z 4 22) f 5, N = srmy

It can be shown that two kinds of homogeneous solutions, the harmonic and the vortex one,
do not occur in the problem under consideration. To construct the homogeneous potential
solution we investigate the roots of (3.4). The following asymptotic formula for values of
vn large in absolute wvalue that lie in the first quadrant

an 1 ln2nn 1 Tt 1 In?n
T~ _T_—W—{_ m] +i [Tannn— U] +0(—n—,')1 (4-2)
n— oo

can be obtained by the usual methods.

Exact values of y, were sought by Newton's method, where its asymptotic value (4.2) was
taken as the initial magnitude of the appropriate root. Since formula (4.2) loses its effect-
iveness for small A, as is easily seen, the component 1/(44nn) was discarded for A4 <045 in
specific calculations. In such an approach the process of finding the numbers vy, always
converged (computations were performed in the range 0.01 <4 < 100).

The solution of the metaharmonic Eq.(2.9), bounded at the origin, has the following form
in the axisymmetric case, as is well-known

©, = Cply (yah~r) (4.3)

Further solution of the problem consists in seeking the coefficients Cp by satisfying the
boundary conditions on the slab lateral surface. To do this, the general solution in the form
of the sum of the inhomogeneous solution (4.1) found above, the elementary solution (2.18),
and the eigenfunction series of the homogeneocus problem (4.3) is written down for the stresses
o, and 1, (the corresponding formulas are not presented because of their complexity).

The boundary conditions on T' can be satisfied by several methods. In this paper the Lagrange
variational principle /11/ was used, which helped to reduce the problem to a certain linear
algebraic infinite system. The following parameter values were taken: v = 0.2 (concrete) and

8 =2/a (a is the slab radius). The solutions of tenth and twentieth order systems are
practically identical in all the cases considered. Consequently, we limited ourselves to 10
terms in all the series (this corresponds to five characteristic numbers y, and five y,). The
error in satisfying the boundary conditions, including on the slab edge, did not exceed 3x 103
in this approach (the characteristic value of the stress is due to the selection of the applied
load and equals p(0) =1). The time to calculate any of the stresses or displacements at an
arbitrary point of the slab is 1 sec on average on an ES-1022 computerx.
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Curves of the slab settling (for the face z=1% are displayed in Figs.l and 2 for 4 =4
and A == 40 and different A = k/a. Curves 1-4 correspond to A = 0., 0.2, 0.3, 0.4. The curve of the
external laod in appropriate dimensionless variables is shown for comparison by dashes. It
is seen that a thin slab almost duplicates the shape of the outer load. As the slab thickness
increases it is deformed less and less and for A= 0.4 settles amost as a rigid stamp. This
tendency appears more strongly on a soft base (4 = 40) than on a stiff one (4 = 4).

Calculations showed that domains of high negative normal stresses, exceeding the
characteristic stress severalfold, can appear in thin slabs. This can result in the appearance
of cracks and raptures in reinforced concrete foundations. The method in this paper enables
the minimum slab thickness for which negative stresses will not exceed the allowable ones to
be estimated.

In conclusion we note that the approach developed in this paper can be carried over to
dynamic problems on the harmonic vibrations of a thick slab on an elastic foundation.
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